Abstract. It was known to von Neumann in the 1950's that the integer lattice Z 2 forms a uniqueness set for the Bargmann-Fock space. It was later demonstrated by Seip and Wallstén that a sequence of points Γ that is uniformly close to the integer lattice is still a uniqueness set. We show in this paper that the uniqueness sets for the Fock space are preserved under much more general perturbations.
Introduction and Statement of Main Results
For a given sequence Γ = {γ mn } in C and a window function g ∈ L 2 (R) a Gabor system G(Γ, g) is defined as G(Γ, g) = e iReγmnt g(t − Imγ mn ) : γ mn ∈ Γ .
Gabor introduced these systems in 1946 [4] for applications in signal processing, and they have been widely used since then. However, one of the most fundamental questions concerning Gabor systems which asks for the description of all time-frequency sequences Γ such that G(Γ, g) is complete in L 2 (R) remained widely open. A complete description is known only in the case of a Gaussian window g(t) = e −πt 2 and Γ being a lattice. In this classical case, it was von Neumann [5] who first observed (without proof) that the system G(Γ, g) is complete when Γ is the integer lattice. Latter many different proofs were given [2, 3, 6, 8] treating also the case of Γ being an arbitrary lattice. However, the case of irregular systems (Γ is not a lattice) remains a complete mystery to date, even in this classical case. It is worth mentioning that more recently a complete description of irregular Gabor frames was given by Seip and Wallsten [7, 8] .
What makes the case of a Gaussian window g(t) = e −πt 2 simpler to handle, is the fact that in its treatment one can use complex analysis. Namely, the Bargmann transform Bf (z) = Therefore, most of the questions concerning the basis properties of Gabor systems can be translated into questions about the Bargmann-Fock space F and can be treated with the tools from complex analysis. In particular, the completeness problem for irregular Gabor systems is equivalent to the uniqueness set problem in the Bargmann-Fock space F . Recall that a sequence Γ = {γ mn } in C is said to be a uniqueness sequence for F if every function F (z) ∈ F that vanishes identically on Γ must be identically zero. As described in [6] , classical results from the theory of entire functions can be used in many cases to check whether a sequence is a uniqueness set. Sequences that were not treated in [6] are the ones satisfying the following three properties: (a) 1 |γmn| 2+ǫ converges for ǫ > 0 and diverges for ǫ ≤ 0 (b) The classical upper density
γmn 2 is bounded as a function of R. In this paper we consider a class of sequences which satisfy these three properties and characterize among them the uniqueness sequences in F . The hope is that similar sequences can be used to define the right density notion which will give a complete description of the uniqueness sets in F .
1.1. Main Results. Denote by Λ := {λ mn } the integer lattice, i.e., λ mn = m+in, m, n ∈ Z. We introduce a more general class of sequences that we are interested in studying non-increasing and satisfying
Our main result is the following new result providing information about the uniqueness sets for the Fock space. Remark 1.3. The case d = 1 is inconclusive. Namely, the integer lattice Λ is a 1-regular sequence which is a uniqueness set. Removing two points from Λ gives a 1-regular sequence which is not a uniqueness set.
Throughout the paper, the constants can change from line to line, and depends on the appropriate parameters in the estimates in question.
Important Lemmas
In the following lemma we give some properties of d-regular sequences which will be useful in the estimates that follow.
Here ′ denotes the sum taken over the set in question, but with λ mn = 0.
Proof. Part (a) follows from the definition of d-regular sequence which in fact implies that lim m,n→∞ λmn γmn = d. For part (b) first notice that our condition on φ(t) says that
Using this we obtain
Finally, we show that (c) is a consequence of (b). Let ǫ > 0. There exists w ∈ C such that
Therefore,
By fixing w and letting |z| → ∞ we obtain
Since ǫ was arbitrary we are done.
is a non-increasing positive function such that
then there exists ǫ > 0 and a sequence (b k ) (with terms > 1) such that φ(b k ) ln b k > ǫb k . Moreover, for a fixed small δ > 0 we can choose this sequence so that
We obtain the following contradiction
Let σ Λ (z) be the usual Weierstrass σ−function (from the theory of elliptic functions), defined by
The fundamental property that σ Λ (z) possesses is the quasi-periodicity:
where η 1 = 2
. An immediate consequence of the quasi-periodicity of σ Λ (z) is the following inequality:
To each d−regular sequence Γ := {γ mn } we associate the entire function σ Γ (z) by
In the case when Γ = 1 d
Λ is the scaled integer lattice σ Γ (z) is just the Weierstrass sigmafunction σ Λ (dz). Since σ Γ (z) is not the usual Weierstrass product, its convergence must be verified.
Proof. Fix R > 0. For |z| ≤ R and |γ mn | > 2R we have
Now, summation over all |γ mn | > 2R gives easily an upper bound O(R 3 ) which is sufficient to deduce the uniform convergence on compact sets. So, σ Γ (z) is a well defined entire function.
Our goal in the next lemma is to obtain analogous estimates as in (2.1) for the function σ Γ (z). This lemma is analogous to a related fact appearing in [8] .
Lemma 2.4. Let Γ be a d-regular sequence. Then there exist constants C 1 and C 2 such that
Here the constants C 1 and C 2 depend on c and φ(t) from the definition of the d-regular sequence.
Proof. For the proof, we define an auxiliary function
Note that this gives us the representation
The plan now is to show that (2.3)
If we have estimate (2.3), then by coupling this with (2.1) we see that
Where in the estimates above, we first used the upper estimate in (2.3) and the upper estimate in (2.1). This estimate then gives us that the upper estimate in (2.2) holds. Similarly, first using the lower estimate in (2.3), and then the lower estimate in (2.1) yields the following
which is the lower estimate in (2.2).
Working with the definition of h(z) we see that we can write it in the following way:
We
We will show that the following estimates hold
(2.4)
Combining estimates (2.4), (2.5) and (2.6) we see that (2.3) holds.
We first consider the function h 1 (z). Note that
Since for any complex number − |w| ≤ Re w ≤ |w| we have that
All together this implies
The desired estimate on h 1 (z) now follows from part (b) in Lemma 2.1.
Next consider term h 3 (z). First, take the absolute value of the expression defining h 3 (z) and then the logarithm to find that
We now will expand the logarithms via their power series representation, and collect terms. Note that we have the power series representation for log(1 − w) given by
and so taking the real part of this series we have
Re (w k+1 ).
Note that since κ 1+ǫ > 1 and since we are summing over the set |λ mn | > κ 1+ǫ d |z|, we then have that
Similarly, since we suppose that |λ mn | ≤ κd |γ mn | we have that
Using the power series representation for fixed λ mn that satisfies |λ mn | > κ 1+ǫ d |z| we find that
We continue the estimate of h 3 (z) in the following way:
We now focus on the inner term and estimate this directly:
and |b| ≤ κ |a|. We have that
Using this, we have that
where in the end we recall that a = . Therefore, we have
Thus, we have that
To arrive at this estimate, we used that κ > 1 and that |λ mn | > κ 1+ǫ d |z| (which appears in the sum we are considering). Back to our estimates of h 3 (z), we find that
The two series above are remainders of convergent series due to part (b) of Lemma 2.1. So they both tend to 0, as |z| → ∞. Therefore, the last expression is o(|z| 2 ). To conclude, we
or equivalently,
which is (2.6).
We finally turn to term h 2 (z),
Λ and Γ to z respectively. Notice that they both depend on z. We can assume that (0, 0) = (M, N) = (M ′ , N ′ ) = (0, 0), other cases being similar and easier. Then we have log |h 2 (z)| = log |z − γ 00 | − log |dz| − log |γ
The primes in the sums denote that they are possibly missing the terms log |1 − z/γ M ′ N ′ | and log |1 − dz/λ M N | respectively. Notice that the first four terms in (2.8) are bounded by O(log |z|). The rest of (2.8) is equal to
First we estimate the first sum in (2.9).
Now, using that |λ mn − dγ mn | ≤ φ(|λ mn |) we can estimate the second sum in (2.10) the following way:
In the second inequality above we used that |λ M −m,N −n | ≤ 2κ 1+ǫ d |z| and that φ(t) is increasing. In the last equality we used Lemma 2.2.
Next we estimate the first sum in (2.10). Using part (b) from Lemma 2.1
This shows that the first sum in (2.9) is bounded from above by o(|z| 2 ). Next we bound the second sum in (2.9).
This shows that log |h 2 (z)| ≤ o(|z| 2 ).
Finally, we bound log |h 2 (z)| from below. For the second sum in (2.9) we have:
Lastly, we bound the first sum in (2.9) from below.
where in the last inequality we used that |γ mn − γ m ′ n ′ | ≥ c |λ mn − λ m ′ n ′ | for all pairs of indices. To finish this, we notice that |λ M ′ N ′ | = O(|z|), so we can bound the last sum by a sum over a larger disk of radius O(|z|). Then, continuing the estimate exactly as in (2.10), we obtain the desired bound o(|z| 2 ).
Proof of Theorem 1.2
With the necessary preliminaries out of the way, we can prove the main result of this note. For simplicity we restate the main result from the introduction. By the second property of d-regular sequences, there exists a sequence of non-overlapping discs with uniform radius r > 0 which are centered at the points in Γ. Let U be the region in C obtained by deleting all these discs. Using the left inequality in the Lemma 2.4 we have Thus, σ Γ (z) ∈ F and Γ is not a uniqueness set. dA(z) < ∞.
Concluding Remarks
An interesting open question would be to obtain a complete geometric characterization of the uniqueness sets for the Fock space F . Based on the results in this paper, and the results of [1] , a resolution of this question will be quite subtle and challenging.
In a forthcoming paper, we hope to provide similar results about uniqueness sets and, consequently, zero sets in the Bergman space.
